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1. ABSTRACT 
Three 
speeding 
problem 
" 
of 
computational techniques are described for " 
the convergence of a series solution to the 
calculating the stress in a semi-infinite 
el~stic slab with free lateral surfaces and with static 
en<..l conditions of any form . 
Herrmann1 obtaine<..l expressions for the solutions of 
such problems in tt;!rms of sums of eigenfunctions .'rhese 
sums converge rapidly except \vhen they are evaluated a.t 
positions near the end of the slab At the end the 
magnitude of the thirtieth term in the sum may be greater 
tha.n 20 percent of the sum . 
A method invented by Euler and two methods described 
by Aitken and Shanks are used to obtain the sums of the 
infinite series from the values of the first 30 terms. By 
evaluating these sums at positions on the end of the slab 
~Jhere the boundary conditions ore given , we can compare 
the evaluated suws with their exact values 
All three methods give values of the sum close to 
the exact one . However , the value given by the Euler's 
method is not us close to the exa.ct value as were the 
values obtained by the other two methods . In one example 
the result obtained by the second Aitken Shanks 
Transformations is correct to seven digits while the 
~uler result is inaccurate in the third digit . 
2 
2. IN'l'RODUC'l'ION 
'rhe problem of predicting the deformation in a solid 
by known forces or displacement is very important . Yet 
satisfactory methods of solution have only recently been 
developed by Herrmann1 for certain physically important 
cases involving bodies of simple shapes under the 
assumption of infinitesimal strain . 
With this restriction of purely elastic behavior 
the problem is a mathematical one of obtaining an exact 
solution to particular coupled linear par·tial 
differential equations 
and initial conditions . 
subject to specified boundary 
'rhis report is concerned with reviewing Herrmann's 
method for solving the static semi-infinite slab 
problem with arbitrary boundary conditions , obtaining a 
solution for a particular case 
solution converges . 
and studying how the 
·rne problem mentioned here is the one for which 
either pure or mixed boundary condition are specified on 
the surface of a semi-infinite elastic slab whose shape 
is rectangular Herrmann1 obtained a solution by 
separation of variables in terms of matrix forms The 
3 
solutions are components of the stress tensor in the x 
and y directions . 
'rhe result which he has obtained is such that the 
rate of convergence for small x is so slow that this is 
not a practical solution for small x . However we will 
apply a computational techniques to the solutions 
obtained 
sequence 
method 2 
method 
such that we will form a rapidly convergent 
. 'rhese techniques are the Euler 'rransformation 
the Aitken Shanks Transformation3 ( second 
and a modified form of this transformation3 ( 
third method We will compare these methods to 
conclude which technique is the best for forming a rapid 
rate of convergence . 
4 
3· A GENERAL METHOD FOR SOLVING THE STATIC SEMI-INFINITE 
SLAB PROBLEM WITH ARBITRARY BOUNDARY CONDITIONS. 
3.1 STATEMENT OF THE PROBLEM 
The problem which we consider here is one with mixed 
boundary conditions specified on the semi-infinite 
elastic slab that is shown below • FiBure ( ) : 
y 
T =T =0 j yy xy 
+ 1 
0 X 
-1 
figure 1 the geometry of the semi-infinite slab 
This is the geometric shape which we will study in 
the static case with end loading and with stress free 
lateral boundaries 
'ryy(x,y=+1,-1) = o 
i.e Tx.v(x,y =+1,-1) = 0 and 
The method given here can be 
generalized to other geometrical shapes for which we can 
5 
separ~te the equdtions in the proper coordinate system . 
The equations of static elasticity for this problem 
~re given by Love 4 as 
(21HA) '04; 0 x + ... bn; 0y = o ( 1 ) 
and 
(21HA) 04/ Qy -P on; OY = 0 (2) 
where t.' and )\ are the Lame Moduli and 4 and Sl are 
defined in terms of the x and y displacements 1 u and v 
respectively I as follows 
(3) 
and 
n = 6 u/ ~ y - 'b vI~ X (4) 
'l'he above equations can be rewritten in term of 
displacements alone .by using the definition of 4 and n . 
·!'his yields 
'\. '2.. 2. 2. 2.. "'\. l. (21J+)\) ou/~x + ~J'()u/~y + (tJ+A) ov/"Qx\y = 0 ( 5) 
and 
( 2 IJ+A} 'ol. v / 0 /" + 1J )tv/ ~ x.2. + ( IJ+A) \ 1 u/) x ~ y = 0 ( 6) 
6 
The stresses are given in terms of the displacements 
as follows : 
·r xy ( x, y) = II ( \ u/ ~ y + ) vI ~ x) (7) 
(8) 
and 
(9) 
Since it is convenient to write the equations of 
elasticity in terms of these stress components 
we need three equations in order to be 
able to solve for these three unknowns. 
An equation is obtained by eliminating the u and v 
from the equations 7,8,9 and we obtain the 
following expression 
'rhis is easily shown to be correct by placing the 
equations 7,8,9 in equation l 0 ) . The other two 
7 
equations for the stresses are obtained by eliminating u 
anu v from equations ( 5 ) through ( 9 . From this we 
obtain 
( 11 ) 
ancl 
( 12) 
Equations 10,11,12 are referred to as stress 
equations . The lateral boundaries are stress free , i.e 
Txy(x,y=+l,y=-1) = 0 (13) 
and 
Tyy(x,y=+l,y=-1) = 0 ( 14) 
'rhe problem is now completely specified once two 
conditions at x=O are given . 
Tne particular sample problem solved in this report 
is to find the stresses due to the mixed end conditions 
given by 
ancl 
T (O,y) = Cos1ry 
YY 
( 15) 
( 1 6) 
8 
The forces applied to the end are chosen to be self 
equilibrating , i.e three extra restrictions are applied· 
Namely : 
I J ·rxy(O,y) dy = 0 
-I 
( 1 8) 
J'Txx( o, y) dy = 0 
-I 
( 19) 
and 
(20) 
These conditions are equivalent to stating that 
there must be no unbalanced forces or torques applied to 
the slab in stdtic equilibrium . 
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4. GENERAL SOLUTION TO THE PROBLEM 
4.1 THE FORMAL SOLUTION OBTAINED FROM SEPARATION OF 
VARIABLES 
The formal solution to differential equAtions ( 
10,11,and 12 obtained by separation of variables by 
Herrmann 1 in term of matrix forms is eiven by 
( 21 ) 
where Txx and TYY are the components of the stress 
tensor in the x and y directions • The explicit forms of 
Cl) 1 ,n(y) and~2 ,n(y) are given as follow 
(22.a) 
and 
(22.b) 
10 
'1' n e "'( , s ~ t' e t n e c o m p l e x e i g e n v a 1 u e s and :.1r0 the 
:1 o n z o r· o r o o t s o i' t !1 e f o ll o w i n g e x p r o s s i o n 
-"'t n Sin"'!' n Cos"( n (23) 
'!' n e s u b s c 1' i p t; n i s u s e d t o l a b e 1 t h e r o o t; s o f t h i s 
\;;) q u u t i o n i n o r d e r o f in c t' e u s i n g v u l u e s o f I"V I However , 
for each n ~ -"fn is !.! solution of equation ( 2) ) if "Yn 
is a solution ln Appendix( A. a program using 30 
iterations for· finding the "(,sis given. 'i'here uce reul 
:ind itn'1gin:.1ry pat·ts to the "(,s. 
The coefficients C thuL appear in expression ( 21 
n 
~ru given by Herrmunn 1 as follow 
1 
~ =-(1/K)rdy).!S 
ll ) 1 
_, 
-2 
'!' n e 1 i m l t s o f i 11 t e g r· a t l o n + I 
) ( 
T1y< 0, y )) 
T (O,y) 
YY 
(24) 
-1 arise from the 
geomut.ry of the semi-infinite slab figure ( 
~tressus Tyy(O,y) and Txx(U,y) ure given on the end 
1 1 
boundary , where Tyy and Txx are the following 
Tyy(O,y) = Cos"'l'y 
and 
•r XX ( 0, y) = 0 
·rne term K in equation 
K = - 4 Cos 4 'Y n 
( 24 ) is 
•rne functions ~l, n ( y) and ~2, n ( y) that appear in 
expression ( 24 ) are the following: 
(25) 
and 
(26) 
12 
4 • 2 EVALUA'riON OF 'rHE COEFFICIENT Cn 
Using the boundary conditions for Txx(O,y) and 
Tyy(O,y) in equation ( 24 yields 
en = (1/K) l~2 ,n(y)TYY dy 
I 
Cn = (1/K) j"'~'n Sin"'fn Cos("'fnY) Cos('ll'y) dy 
·I 
- (1/K) J'"'~'n Cos(AfnY) Sin('YnY) eos('11'y) dy 
-I 
(27.a) 
(27.b) 
'rhe integration of the known terms can be performed 
and en can be written as the 
= _ Yn Sin Yn [Sin ( Yn-n) 
4- Co~4-yt1 (Yn-11) 
following : 
+ S ;n ( Y n + n) l 
( Yn+ n) J (28) 
'l'he coefficients are obtained by direct 
calculation . In Appendix( AB ) , a program using 30 
iterations for finding the en is given . There are real 
and imaginary parts to the en We used these 
coefficient in expression ( 21 ) evaluated at x=O ~ that 
is 
13 
(29) 
and 
(30) 
Txx and Tyy are both function of the 'Y, s where 
the "f, s are complex numbers i.e there are real and 
imaginary parts . However , since the roots can be taken 
in pairs using "fn and -"(~ , the numbers for Tyy and Txx 
are real. 
The partial sums for '1' yy and ·rxx at x=O were 
evaluated for n=l to n=30 using the program given in 
Appendix( B ) . 'i'he graph of the partial sums for Tyy at 
y=0.2 for n=l to n=30 is given in figure ( 2 ) . From the 
boundary conditions equation 16 we know that 
Tyy(0,0.2) = Cos 0.211' = o. 809 Clearly the 
partial sum is not close to this value for n=30 . 
The following procedures were used for speeding the 
convergences of the series for the tensor components • 
14 
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5· COMPU'rATIONAL ME'rHOD USING EUlliR'S TRANSFORMATION 
Buler's trnnsformation is chiefly used to sum a 
series ivhose tarms .:.llternate in sign Le t s d e f i n e t h e 
displacement. op~rutor to be c; and the for;'/ard difference 
0 p tJ t' J. t 0 r to be 
2 Craenbt:!t'g : 
t: _c• ( X ) r' ( x -t- 1 J 
and 
A 1•' (X j i(x+H)-.b'(x) 
'l'n a following 
rnese operbtors are related , since 
4 F ~ F(x+H)-F(x) ~ ~ F - F ( ~- 1 ) F 
'l'h us 
A s - 1 
is 
Cl ~on side L' tn~ alternating series E ( -1) 
f\. 
shown by 
( 1 ) 
(2) 
lf we 
:.·.:; g a rd U us ct function of a discrete variuble n a11d let 
n 
H~1 t;!leu tue following holds 
uu-t-1 
uud 
16 
where 
A0 u 0 
A u0 
and 
A2 u 0 
Precedin,c; , we obtain 
= (1+E)- 1u0 
= (1/2)~ (-A/2)nu 0 n. 
The resulting linear transformation is 
:: uo 
:: u, 
:: A u1 
:t. (-1) nun 
n. 
uo 
A u0 
The previous expression is known 
(3) 
as EULRR'S 
TRANSFORMATION • It applies only to alternating series , 
and so we first group the terms of our series to create 
17 
an alternating series 1 using the program in Appendix( C 
) . We apply the EULEH 1 S •rRANSFORMAT ION in Appendix ( D ) 1 
and give the results in Section 8 . 
18 
6. COMPUTATIONAL METHOD USING AITKEN SHANKS 
TRANSFORMATION 
FIRST METHOD (first order): 
Suppose that the series is such that 
( 1 ) 
where S 1s the sum 1 S is the partial sum after n 
n 
ctnd K anu P are c..:ons tant We see that writing 
equ<..ttion 1 for three di£fe1·ent values of n 1 yields 
tl1ree e4uutions with the three unkno,,.,ns K1 P 1 S By 
eliminating K and P we can solve for S This means 
thut we v1ill fit three data points with the form of 
expression ( 1 1 and extrapolate to the limit . That is 
s - s ,....., KPn (2) n 
c• 
- 5n+l 
,..... KPn+l~ P(S-S ) (3) i:> n 
s - 8 n+2 ~ KPn+
2 P(S-S ) ~ n+l (4) 
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By dividing expression ( 3 by 4 ) and solving 
for S , yields the following expression 
(5) 
If expression ( were exactly true the R.H.S. 
of exnression ( 5 ) would be the same for all n , namely 
S • If it is only approximately true , however , then the 
R.H.S. of the expression 5 ) will vary with n 'rh is 
situation suggest that we use expression (5) to define a 
new sequence which , hopefully will converge to S more 
rapidly than The original S sequence The new sequence 
is given by the following expression 
(6) 
Next we apply equation ( 5 ) to define a new 
(2.) 
sequence sn •r h i s p r o c e d u r e i s c o n t i n u e d u n t i 1 t h e r e 
are less than three terms in the remaining sequence • 
20 
'rhis is knmm as .A.I'ri<EN SHANKS 'rRANSFORl-1A1' ION of the 
first order and is described by Greenberg 2 We will 
apply this technique to the sequences of the partial sums 
given in Appendix( B to find the series sum The 
program to carry out this transformation is given in 
Appendix ( E ) . 
21 
'/. CO!'<lPU'rA'riONAL METHOD USING MODIFH!D AITKEN SHANKS 
'l' HANS~, 0 Hl"!A •r I 0 N 
ciclCUWU MclfHUD (s0cond order): 
Le t.'s d u f i 11 e (n=O,l,~, •••••••• ) 
sequence and let AA be tnu differences (i.e) n 
An+l - An 
to be a 
( 1 ) 
Let K be a positive integer and ' . lets def~ne a new 
se:J_uence B (n=K,K+1,K+2, •..•.•... ) by the Kth order 
t r a n s f o L' m o f ( A l defined as follow : 
13 K,n 
[1 
A • • • • • • • An-I 
n-K 
6A ••••• /).A 
n-K I'l-l 
l::!A ••••• bAn 
n-1(-tl 
1 
• 
• 
• 
1 
A An-t< LlAn-1 
/J. A n-1<-tl /:J. An 
• • 
• • 
• • 
• • 
• • 
• 
• 
• 
A Antt<-1 
• 
• 
• 
• 
• 
A A n+K-1 
(2) 
for each n , the denomin9tor does not vanish for our 
sequence lt is convenient to consider I A0 J as its own 
22 
ULh o~dur transform . We write 
u v,n A ll (u=0,1,2, .••.•••••• J (3) 
l'lle fit·st oruer Al'l'i\r:i~ JHAL1KJ 'l'hANJFOH!•iA'l'lUN is tnoJ 
eu<.Ju ii' K = iu expressiou ( 2 ) i.e K is the order 
uf the trc~nuform:.ttion 
e x p r· 0 s s .i o n 
d 1 , n 
J.<'o r K= 1 we n~ve the follo~lng 
(4) 
AA n 
r:vuluuting the above d0terrninunts yltJlds 
An+ 1 A 11- 1 
i3 1 ' ll 
C: x p t' e s s l o n ( ') 
0 f t h e f' i L' S t 0 l' d e l' 
2 
- A !I 
- 2 
( 5) 
A n 
\~hich is exactly the same us th•; 
23 
first method ( t;he pcevlous tuchnique ) 
r'o [' the case K 2 in the expression 2 the 
follo·11ing l~ out:..~ined 
An-2 An-1 Ji.n 
AAn-2 A An-1 A An 
..6. An-1 b. An D. An+ 1 (6) 
ti ~ 
<:,u 
1 1 1 
AAn-2 .d An-1 ~An 
ti An-1 L1 An 1J. An+ 1 
ln terms of t;he dil'i'erences the above expression 
yields tile following 
Li. 2,11 
Au-An-1 
A -A . 
n-1 u-2 
nn- 1~n-1 
II. n-1 
Au-An-1 
An -I\ I u-
An+1-An 
An+2-An+1 
(7) 
A -A 
n+1 u 
An+2-An+1 
'l'nit~ is Al'l'Kc;N ;jHANK0 'l'l<AlL:.il"OhHI\'l'lON) of the second 
2L~ 
order that is applied in Appendix( F ) to the values of 
the partial sums given Appendix( B . The results for 
this transformation are given in the next section . 
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8. RESUL'rS AND CONCLUSIONS 
In order to test and compare three methods for 
speeding the convergence of series we applied them to 
the series solutions of a boundary-value problem in 
elasticity . The series as originally obtained converges 
very slowly , as is evident in the graph of the partial 
sums that is given in figure ( 2 ) 
We choose to evaluate the stress Tyy at a point on 
the boundary , where we know the exact result because it 
is a boundary condition At the point chosen x=O 
y=0.2 , the stress is given by 
~yy(0,0.2) = Cos(0.2 ~) = 0.80901699 
We now compare this with the results obtained by the 
three methods described for speeding the convergences of 
the series . In all three cases , we used only the first 
30 terms in the series to obtain the result The list 
below summarizes the results . 
26 
ACTUAL FINAL RESULT = 0.80901699 
AI'I'KEN StlANKS 1 AITKEN SHANKS 2 
.1!, INAL RESUL'I' = FINAL RESULT = 
0.80910859 0.80901699 
EULERS ME'I'HOD 
FINAL RESULT = 
0.81302653 
From this list , it is clear that the second order 
method given by Shanks gives the sum correct to at least 
seven significant figures This is a remarkable 
achievement considering how weakly the original series 
converges . Ev~n the simpler first order method of Shanks 
is correct to four significant figures . 
The Euler method , while it does not work as well as 
the other two , does give the sum to an accuracy of o.S 
percent. 
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PP.Or.~AH GAMMA 731710 OPT:D TRACs; fTN 4oe+'>77 
PROGRAM GAM~AIINPUT,OUTDUT,TAPES=INPUT,TAP(o=OUTPUTJ 
c ••••••••••• 
c ••••••••••• 
c •••••••• 
c •••••••• 
c •••••••• APPENDIX ( A 
c 
c 
c ••••••••• 
C THIS PROG~AM WILL FINO TH~ 
C REAL AND I~~AGINFRAY PA~T OF GAHHA. WHEP.E THE ••• 
C GA~MA : Q(AL t I • IHMAG. WHERE GAHHAS AR: THr •• 
C EIGEN VALU~S. THf EXPON~NT TER~ IS EXPCI•GAHHA•XIo 
c: ••••••••••• 
c ••••••••••• 
READI5,201 N 
20 FORMATII~I 
PIE=3.1~1592;S3698 
P2=PlP"2 
DO 1260 1(: 1oN 
NDIT-=1 
Tl=2•K 
l=TI•PIE-PIE12.0-D.D01 
B=ALOGIZ.o•AI 
H60 SA=SINIAI 
CA=COSIAI 
S9=CEXP(~I-EXPC-eJJ/2.U 
C6:tE~PI8ltEXPt-B1112.0 
F=A+SA"CB 
G=B+CA•SI:l 
!lFA=1.D+CA•CB 
OF3=SA•SB 
D=ICA+CBJ••z 
!lELX=tG•OFB-F•OFAI/0 
DELY=C-F•OF9-G•O~AI/O 
NOIT=NOITt1 
IFINOIT-1011 1170,1169,1163 
ue,q GO TO qq9 
1170 IFIABSIDELXI-O.DOOD00011 11&0,1190,1190 
11~U IFIABSIOELYI-O.OOU00001J 1220,1190,1190 
1190 A=A+OELX 
B=B+OELV 
GO TO 1060 
122~ G~=IA+CEL~I/2.0 
GI=CB+OELYI/7.0 
WRITECI:,2001 :;R,GI 
200 FORHATt/,1Xe~P~AL GAMMA :t,F15.&,7X,tiHHAG GAHHA :t,F15oftl 
12El0 CONTINUE 
WRITEC£:.901 
90 fOR11ATI//J 
WRITEI6,~5DI N 
~SD FO~HATC1X,1N~ ~~ ~DOTS AQ[t,I5J 
qqa CaLL EXIT 
END 
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REAL CAHMA = IHMlC GAHHA = 1.12536431 
-REAL GAHHA = -.- 5~ 35626870 ·---IHHlli CAHHA = ---·i.-•. 55157437 
REAL CAHHA = IHHAG CAHHA = 1. 77554367 
REAL GAt1Hf. = I11HAG GAHHA = 2.04&852\& 
REAL GAt'.HA = 111.004~"3301 lt1HAG CAHHA = 2.141119079 ~-· ---·---.------ -----=-- ---· ----
REAL CAHHA = 21.15341336 I HHAG GAHHA "' z. 2217229Z 
REAL GAHMA = 27.446202119 I HHA& GAHHA = 2.35101+823 
------ -------- ---·----· 
REAL Gf.HHA = 
REAL GAHHA = 
REAL GAHHA = 
REAL GAHHA = 
REAL GAHHA = 
REAL GAHiiA = 
REAL GAHHA = 
I HHA 17 GAHHA = Zelt0501257 
lHHAG""GAHHC= z:-~+"5371921-- · 
36.&7969417 IHHAG GAHHA = 2.49811)220 
40.02362922 IHHAG GAHHA = 2.53866687 
Il1HAG-GAH HA -= z;s7&55"es--· 
46.31032301 IHHAG GAHHA = 2.611&0899 
-------
49.45337245 IHHAG GAHHA = z.6tt43&343 
55.73903115 IHHAG GAHHA = 2.70406520 
-------------------- -----
58.611168372 IHHIG GAHHA = z.7J14lt066 
-REAL- GAHHA :· ·-6z; 021t24045 HHA5. GAHHA" :···---2';75739536-. 
REAL GAHHA = 65.16671'+10 IHHAG GAHHA = 2.711206950 
------------------------·------------· 
REAL GAHHA 
-
68.30911527 IHHAG CAHHA = 2.&0556349 
-REAL GAHlot A = 
. 
REAL GAHHA = 711.59373402 lHHAG GAHHA = 2.61!953440 
---·----·~------ -----·-··------------------
REAL GAHHA = 17. 73596531t IHHAG GlHHA = 2.&7014161 
-·REAL GAHHA = . --60~67615212-----rHHAG"GAHHl · .. ·----z·.U993327 .• 
REAL GAHHA = IHHlG GAHHl = 2o90ft9714~ 
------- -----
REAL GAH11A = 87. 1621t OCJBCJ I HHlG GAHHl = 2o9Z73111t8 
-REAL GAHHA: ---·90~3041tft83&--·--IHHAG GAKHl·=··--.2.94500269_ .. 
REAL GAHHA : 93.1tlt65371tl lHHlG GAHHl : 2.9620~91t2. 
-----·--------·--- -··- ----------·-·--------··- --····--
-NO OF ROOTS ARE-·- 30 -·-
29 
73/720 DPT=D T~AC~ rn~ "· IS+S77 
PRJGRAH CO£FFIII~PUT,OUTPUT,T4PES=l~PUT,lAPEo=DUTPUTI 
c •••••••••• 
c •••••••••• 
c •••••••••• APPENJIX AB 
.c 
c 
c 
C•••••••••• THIS P~OG~A~ WILL FI~D THE CJEFFICIENTS CCNI 
C •••••••••• 1 HERE:. ARE l WO PA~TS TO COEFFICIENT , REAL 
Coo•••••••• PART 1 AND IMAGINA~Y PART. 
c 
c 
c 
c 
COMHON CIS,PHI1,PH12,TXX,TYY,~,y 
COMPLEX CIS,~Hl1 0 PHI2,TXX,TYY 
P.E.AO(S,201 ~ 
2~ f0RMATII5l 
WIUT::C6,8l 
8 FO~HATt/11 
Y=O.Z 
WklT(Ioo71 Y 
7 FO~~ATCI,1X,~Y = t,F!:.21 
WRITECb,CJCI 
~0 FO~MATC// 0 2Xo1 ~EAL CO~F•ICIE~T t,21Xot lMAG COEFFICI~NT ~ 
oii<ITU6,92J 
9? FO,HAl 1~--------------------t,ZJX,t·-------------------tJ 
PIE=3.1~15CJ?~53'9~ 
Pi:=PI~ .. 2 
00 lZbO 1(: lt N 
NOIT=l 
TI=z•K 
A=TI•~IE-PI~/2.0-0.0Cl 
9=ALOGC?.u•AJ 
1Cb:1 :iA=SINIAI 
CA:COSCAI 
Sd=I~XPCBI-~XPI-81112.C 
C8=CEXPCOI+::XPI·BII/2.u 
F=A+SA• C'3 
G=dtCA•Sa 
DFA=l.u+CA•CA 
OF il=SA •SB 
O=Ct:A+CB>••z 
~ELX=CG'DFS·F•OFAI/0 
O~LY=C·F'OFB-G'DFAI/0 
HO:T=NOIT+l 
IFI~OIT·!Ull 1170,11b3,11&~ 
116"1 GO TO '3CJ9 
117~ IFCAOSCO:Lxi-D.OOJ~ODOll 1180,1190,1190 
118~ IFIABSCOELYI-O.~O~ODOOll 122wt1190o119u 
119~ A=A+OEL.X 
A=3+DELY 
GO TO 10~0 
1Z2J G~=CA•OELYJ/2.0 
lil=CB+CIELU/2.0 
CALL COEFFCGP,Git 
CALL PHI CGR, Gil 
30 
1?0 
C~LL T~NSO~IG~oGIJ 
CO~TI'<IUE 
WRITEI&,ItS!.'I l4 
F~~~Alf/1/,t NO ~F lT~~~TION : 
CALL E:XlT 
END 
F'T~ Ito 5+577 
'OUTitE PHI 73/72J OPT=~ T~AC~ FT~ lo.IS+571 
SU9~0UTINE PHliGR,GlJ 
COHHON CIS,P~Il,P~Ic.TXX,TYY,~,y 
CDHPL~1 CIS, 0HI1,Pnl2,0;LT~,TXX,TYY 
OELTA::HPLXI&~,GIJ 
PH!l=l~LTt•:SINIOELTut•C:OSIJELTA'YJ 
+•1.0'10~LTA'YI'CCOSCOE:LT~J'CSINIDELTA•YJ 
PH12~·1·~•CCOSCQELTA•Yt'IO~L1A•C5l~IDELTAJ+c.O• 
+CCOSID~LTAJJ+IDELTA'YI'C~031DELTAJ•:SINiuELTA•YJ 
qETU~N 
END 
31 
'OUTl:~:: COEF"F 73/720 OPT=O T~AC; 
SU~~JUTI~l :OEFFCG~oGIJ 
C~HHO~ Cl~,P~Il,PHIZ,TXX,TYY,~,y 
COHPLEX CIS,PH11,PHI2,TX~oTYY,O!LTA 
FT~ &o.!I+S77 
C0,1PL:::r t.A,:i=!,CC,:)U,tE,FF,L>G,HH,F.R,JOO,SS,PPP,~Q 
C0;1t'LEX XX,!7.,iol14 
OELTA=C~PL~Cr.R,Gll 
PIE=3.141S;z:~389!1 
U=Ll~LTA+PIE 
Bil=Ot.LTA-Plt: 
r.r.=cr.os c u' 
no=CSINCAAI 
!:!:=CCO::C!lBJ 
FF=CSINCnBI 
GG=t.O/CCOSI~ELTAI''Io 
ICX=IJO/AA 
ZZ=H /!lB 
WW=CDELTAJ•CSINCOELTAI•G~/•.0 
HH=1.D/(4.t•~r.JSCO!LTAJ••31 
Rf<=o:LTA•HH 
OOQ:CC/AA 
PPP=EE/3El 
SS=iHl/AA••? 
QQ:ff /~B .. 2 
ClS=R~•CQO+S~-1.D'PPP-l.J 4 00DJ-1.L~~W•CZZtXXI 
Wl<l TE I&, Z2t:J CIS 
22? FO~MATC/ 0 1~oF15.d,23X,F1~.~1 
RUURN 
END 
iOUTI N:: TENSOI? 73/720 OPT=D T~AC:: 
SUa~~UTINE TENSJ~C5~oGII 
COHMON CIS,P~Il,PHl2oTXX,TYY,~,y 
COHPLEX CIS,PHit,PHI2,TXXoTYY,O:LTA 
txx=crs•PHI2 
T.YY=CIS'PHil 
P.ETURN 
END 
32 
FTN &,,8+:i77 
' = .zo 
REAL r:oc:FFICI::NT 
• ~H6qS!J4 
- • .::3957 .. 78 
•o0156Z;'31 
-.oo7qz:co 
-.~047;~&2 
-.C031,::.&9 
-.~IJ22S?J4 
-,Ci117?·:75 
-.[;,)1]:.!34 
- .• liiil:J7·~z& 
-.tii:JB;.!I3 
-.C0073J10 
-.[006'2703 
-.COH!cl5!1 
-.COO~t57t)&. 
-.OO!!It~HII 
-.t'DOJ&c?l 
-.!iOOJ2.?41 
-.OOH!I~~:! 
-.oiloz;:zs 
-.110023?71 
33 
I11AG CO::FF1CH'NT 
-.t514'1;151t 
.o~tc.9J033 
.00&97 31}3 
• GDZ 3SOB 
• 00112770 
.01!0&3433 
• 0003')&1t& 
eDil\IZ€,€,17 
.COC1BZ3 
• liOQ13:S .. 8 
.OH1J511 
• tOt D..U"3 
• liliti065J5 
•·• OOj ::152?3 
• DDO!l .. 323 
• D00035'H 
• oouo3:JZB 
eD!ICUZ571t 
.DDiiil22J5 
• oo.; J19J9 
.D0001&o2 
-.CJ(IZ!a..o.q 
-. ( Q 01 q,. iJ 1 
-.l:uOt7n'IJ 
-.GQ!J1!:!~57 
•otDH5:'9~ 
-.QOOlloP'!I 
-.coot~l&6 
-.C•Cil12i'~5 
-.C•Qu11 .. Sit 
ND OF IlE~~TIO~ = 
34 
.oo~DH57 
.tD,ii1ZS5 
.OOCD1139 
• 000111015 
oOC0009JII 
.OOCil081& 
• ODCiHI7J& 
.. ODilJ:l&?7 
oDDDD:l&~& 
PROG~~"1 PAit'fSUM 73/720 OPT=O TRAC~ 
PROGRAM PART~UHIINPUT,OUTPUT.TAPE5=INPUT,TAPE6:QUTPUTI 
c •.. .•.•. 
c ••.. .... 
c • ••••••• 
c ... .•.•• 
c 
c 
c •.•..... 
C•••••••• THIS IS A PROGRAH FO~ PARTIAL SUHS , MILL 
Co••••••• FINO THE PA~TJAL SUM TYY AND TXX. THE 
Co••••••• THE PARTI~L SUHS HAV~ SEEN EV~LUATED FP.OH 
C ••••••••. SUCCESIVE TE~HS. ~N~ THE VALUES OF THE 
Co••••••• TYY HAS BEEN PLOTTED V~RSUS THEY INTERVALS 
c ......•• 
c .•...... 
c . ...... . 
OIH~NSIDN Wf30J,ZI3DJ 
COH~ON CIS,PHit,PHl2,TXX,TYY.NoY 
COHPLEX CIS,PHI1,PHIZ,T~X,TYY. 
COMPLEX XX,YY 
REAOI'5,2Dl N 
20 FOR'1ATII51 
WRITE C6, 81 
II f0RI1A T I Ill 
v= a. z 
WRITE16,71 Y 
7 FO~~ATI/,1X,tY = t,FS.ZJ 
WRITE C 6, 90 I qo FO~MATI//,3X,~PARTIAL SUM TXX t ,Z3X,tPARTIAL SUH TYYtl 
WRIT:I6 1 9ZI 
92 FOR~AT(t--------------------t,ZDX,t------------------tJ 
PIE:3;1~1592&53~9~ . 
PZ=PIE nz 
xx=C~PL~Io.o,o.ot 
YY=CHPLXIO.O,O.OJ 
DO 12&0 K=1tN 
HOIT=1 
TI = 2" K 
A=TI'PIE-PIEtZ.0-0.001 
B::t.LOG ( 2 ,o •AJ 
10r,r. SA=SINIAI 
CA=COSIAI 
SB=IEXPlOJ-EXPI-Bll/2,0 
CB= C ElCP I Bl +EX PC • B I l/ Z • 0 
f=A+SA•CB 
G=B+CPSA 
Ofl=1.D+CA•CB 
OfD=SA'SB 
D=ICA+CBI"•Z 
DELX=CG•OFF-F•OFAJ/0 
OELY=C-F•OFD·G•OFAI/0 
NOIT=NOih1 
IFlNOIT•101l 1170,11&9,1161 
116q GO TO '399 
117t' IFCABSIDELXI-C.OOOODOD1t 11!10,1190,1:90 
11~r lFIABStOELYI·~.00000001l 1?.2Do119Dt119D 
1n0 A:A+OELX 
35 
PRor,QAH PA~TSUM 73/720 OPT=O TRACE 
D=B+OELY 
GO TO 10&0 
1220 GR=tA+OELKI/2.0 
GI= (D+OElY I IZ. 0 
. CALL COEFF IGI:!, Gil 
. CALL PHIIGP.,GII 
CAll lfNSOP.IGP.,GII 
XX=XX+TXX 
Y'f=YY+lYY 
SUH~X=z.o•R~ALIXXI 
SUHYY=2.Q•REALIYYI 
WRITEC~,q4) SUHXX,SUHYY 
q~e FORHATC/,1Y,F1S.e,20X,F1?.,1 
WCKI=K/3Do0 
ZPO=SUHYY 
1260 CO~TINUE 
WRITE l&, 9&1 
96 FO~HAT(//) 
WRITE (&,4501 N 
leSO FO?.~ATC1X,~NO OF POOlS A~Et,I5) 
flN le.ft +577 
CALL QIKPLTCW,Z,3t',13H•V I~TE.~VALS•,tzH•STRESS TYY•I 
999 CAll EXIT • 
BROUTINF PHI 
END 
73/720" OPT=D TRACE 
SUB~OUTINE PHilG~,Gll 
COH~ON CIS,PHI1,PHI2,TX~.TYY,NoY 
COHPLEX CIS,PHit,PHiz,o:LTA,TXX,TYY 
DEL TA=CHP\. Y IGR, Gil 
PHI1=DELTA•CSINCOELTAI•Cr.OSIOELTA•Y) 
+-t.~•rOELT~•YI•CCDSfDELTAI•CSINCOELTA•YJ 
PHIZ=-1.0•CCJSIOELTA•YI•fO~LTA•CSINlOELTAI+2.D• 
+CCOSCOELT~II+IDELTA•y)•C~OS(DELTAI•CSINCDELTA•y) 
RETURN 
END . 
36 
ISROUTINE rOEFF 731720 OPT=O TRAC; 
SUB~OUTINE COEFFIGR,GII 
COM~ON CIS,PHI1ePHI2,TX~.TTT,N,Y 
COHPLEX CIS,PHI1,PHI2,TXX,TTY,OELTA 
FTN lo,l\+577 
COMPLEX AA,SO,CC,OO,EE,Ff,~G,HH,RR,OOO,SS,PPP,QQ 
COMPLEX XX,Zl,WW 
DEL TA=CHPL X CGP.,GII 
PI:=J.1~15~2&SJe~e 
AA=OEL TA+PIE 
BB=DELTA-PIE 
r:c=ccos c u' 
OO=CSINCAAI 
£E=CCOS ( BB l 
ff:CSINCB~l 
GG=1.0/CCOSIOELTAI 4 •~ 
XX=OD/AA 
ZZ=FF /813 
WW=OELTA•CSINCOELTA)•GGI~.o 
HH=1.D/C4oO•CCOSCOELTAI 44 31 
RR=OELTA•HH 
OOO=CC/AA 
PPP=EE/BB 
SS=D0111An2 
QQ=FF/BB 44 2 
Cis=~R·raa•ss-t.o•PPP-1.~·oooJ-1.o•ww•czz+XXJ 
~ETURN 
END 
BQOUTINE TE~SOR 731720 OPT=D TRACE 
SUD~OUTINE T~NSORCGR,GII 
COH~ON CIS,PHI1,PHI2,TXX,TVY,N,Y 
COMPLEX CIS,PHI1,PHI2,TXX,TYY,OELTA 
TXX=CI5 4 PHI2 
TYY=CIS 4 PHI1 
RETURN 
END 
37 
F'TN lt. !+577 
y = .2'0 
PARTIAl SUH TlOC PARTIAL SUH TYY 
·------------------ ------------------
-.0&332326 .632&723'> 
.035952~5 .79974430 
-.144001\CJ7 .~74&6 1H1 
.t&f>&CJ74& .5&&96513 
-.15770450 .9967CJH3 
.07694765 .71213937 
,02157946 .79537360 
-.10162562 .91297249 
.13671300 .66359635 
-.11&323&4 .937&7221 
• 05751413 .7C.3031t4? 
.02032&71 • 79Z777S3 
•e0851tit13D .69517471 
.111t&1595 .69007677 
-. C9 1H&&97 .q13991D6 
,Cit7371t25 .756631t'ltl 
o01'3&2 1HIO .79201627 
-.071;0&608 .e &537!1Jq 
.10132965 .70500519 
-.o&73JO&t9 .9 CD11t2'.''1 
.0401)67li5 • 761t&2766 
38 
• 019058£9 ·:. 791114469 
-.0&9663~8 .&78111207 
.09215201 .711t99796 
-.079041211 .119079&71\ 
.0364&856 • 77001 0~9 
.011155966 .79190211\.lt 
-.06489184 .117396&55 
• 0 &5~961HS .7223~566 
-. 072"1899 .1183931103 
NO OF ROOTS •RE 30 
39 
PROGQHI SUM 73/720 OPT=O TPACE fTN lool\+c;77 
PROGRAH SUHIINPUT,OUTPUT.TAPf5:INPUT,TAPE6=0UTPUTl 
c ••. .•.• 
c ...... . 
c .•.••.• lPPE'NOIX CCI 
c ... ... . 
c .... ..• 
C ••• ~ ••• THIS PROGRAM ~ILL fOR~ THE ALTERN~TINC SERIES 
Co•••••• FROH THE V~LUES WHICH WAS CALCULATED FOP. THE 
Coo••••• TENSOR COHPONENT TYY. F~OH APPENDIX l B) 
Co•••••• THf ORIGINAL VALUES FOR TYY IS NOT IN THE FORH 
c ••••••• OF ALTEP.N~TJNG SERI~S.WE WILL APPLY THE EutERS 
r: ••••• •• TRANSFORMATION TO THE ALTERNATING SEOUE~ICE WHI!:H 
C••••••• IS OBTAINED FOR TYY. 
c •.. .•.• 
c ••••••• 
DIMENSION WI3Dio2130) 
DIMENSION WWI301 
DIM~NSION Sl301 
COMMON CIS,PHJ1,PHI2,TXX,TYY,N.Y 
COMPLEX CIS,PHil,PHIZ,TXX,TYY 
CO 1'1PL EX XX, YY 
REAill5,20) N 
2'0 FOR'1ATU51 
WRITE If., ~I 
8 FORMAT(//) 
Y:l).2 
WRITE 1&, 71 Y 
7 FO~HATI/ 0 1X,~Y = ~,F5.21 
WRIT£16 9 141 
14 FOqi'IATI//, 1X,t ITERATION NO t,19X,t SUH TYY ~) 
WRITEI£!,151 
1S FORHATlt----------------t,17X,1----------~-t) 
PIE=3.141592&53898 
P2=PIE••z 
XX=CHPLXIO.D.C.DI 
YY=CHPLXIO.O,O.OI 
00 1260 l<=l,N 
NOIT=l 
TI=2•te 
A=TI•PIE-PIEIZ.D-0.001 
B=ALOGIZ.D•AI 
106!) SA=SINCAl 
CA=COS (A l 
SB=IEXPIBI-~XPI-811/Z.O 
CB=CEXPCBl+cXPI-BII/2.0 
F=A+SA•CB 
G=B+CA•SB 
OF'A=1· O+CA •CB 
DFB=SA•SB 
D=lCA+CBI••z 
DEL•=cG•ore-~·oraato 
OELY=C-F•OF9-G•DFA)/0 
NOlT=NOIT+1 
IFINDIT-1011 1170,11&9,11&1 
116q GO TO qqq 
1170 lFIAB~CO~LXl•D.ODCDOD01l 1180o1190o119D 
11~0 IFIABSIDELYI-O.OO~DODD1l 1220,11CJ0,11q0 
40 
P~OC~AH SUH 73/720 OPT:Q T~Ar.~ 
1190 A=hOHX 
B=9+0El Y 
GO TO 1060 
1220 G~=CA+OELXJ/2.0 
GI=CB+OELYJ/Z.O 
CALL COEFFCG~,CI! 
CALL PHI CG~oCI J 
CALL lENSORIGR,GIJ 
W CIO =REAL C TYYJ 
12& 0 CONTINUE 
DO 10 1=1, N 
10 SCit=D.O 
1=1 
J=1 
82 IFC~CIIJ 77 1 77,79 
79 SCJJ=SCJI+WII! 
WWCJJ=2.d•SCJI 
I=I+1 
IFCI-N1 az,e?,6&& 
77 J=J+l 
ft& SCJI=SCJJ+WII! 
wwcJJ=-1.o•2.o•scJt 
I= 1+1 
IFCI•N) 8C.,&4,&5& 
8C. IFCWCIJJ 86,8&,89 
89 J=J+t 
GO TO 79 
6&1: 00 98 L=1,J 
ZCLI=WWCLJ 
WRITECE,97) LoZCLJ 
q7 FO~~ATC/,6X,I3,18Xof1S.~I 
98 CONTINUE 
W~ITE C&, <36 J 
9£. FORHA T C //) 
W~ITEC& 1 4St'l J 
C.SD fO~HATC10X,tNO OF ROOTS =t,ISJ 
999 CHL EXIT 
BROUTINE PHI 
END 
73/72:1 OPTzO TRAC~ 
SUBROUTINE PHICGR,Git 
COH~ON CIS,PHI1oPHl2oTXX.TYYoNoY 
CDHPLFX CIS 1 PHI1 0 PHI2,DELTA,TXX,TYY 
DELTA=CHPLXCGR,Gil 
PHI1=DELTA•r.~INCDEL1AI•~~DSCOELTA•YI 
rnc c..~•S77 
FTH c.. &+577 
+•loD•COELT~•vJ•CCOSCOfLTAJ•CSINIDELTA•Yl 
PHIZ=·t.o•CCOSCDELTA•YI•CO~LTA•CSINCOELTAl+2.D• 
tCCOSCOELTlti+IDELTA•Yt•CCOSfDELTAI•CSINCD£LTA•Y) 
RETURN ' 
END 
41 
BROUTI NE COEF'F 73/720 OPT:D TRAC~ 
SUB~OUTINE CJEFFCGR,GIJ 
CO~~ON CIS,P~I1,P~l2,T~~,TYY,NoY 
COMPLEX CIS,PHIL,PHIZ,TXX,TYY,OELTA 
fTN loeii+S77 
CO~PLEX AA,BR,CC,OOeEE,FF,GG,HH,RR,OOO,SS,PPP,QQ 
COMPLEX XX,Zt',WW 
DEl TA=CHPL XC:ii\',GII 
PIE=3.1~tsqz&S3898 
AA=DFL TA+PIE 
BB=DELTA-PIE 
CC=CCOS(fiDJ 
DD=CSIN(AA I 
EE=CCOSIBEIJ 
FF=CSINCBBJ 
GG=LoD/Cr.OSlOELTA)••~ 
XX=OO/AA 
ZZ=FF /BB 
WW=DELTA•CSINCOELTAJ•GG/~.1 
HH=1.0/C~.U•CCOSfOELTAJ••31 
~R=DELTA'HH 
ODO=CC/AA 
PPP=EE/BR 
SS=OD/AA .. Z 
QQ=FF /88 .. 2 
CIS=RR•CQQ+SS-t.O•PPP-1oD•OOOI-1.D'WW•tZZ+XXI 
RETURN 
END 
BROUTINE TENSOR 73/720 OPT=O TRACE FTN ... lltS77 
SUBROUTINE TENSOPCGReGII 
COH~ON CIS,P~I1,PHIZ,TXX,TYY,N,Y 
COMPLEX CIS,PHIL,PHIZ.TXX,TYY,OELTA 
TXX=Cts•PH12 
TYY=CIS'PHI1 
RETURN 
END 
42 
y : .zo 
ITERATION NO 
-----·---------
1 
2 
3 
" 
IS 
6 
7 
e 
9 
10 
11 
1~ 
13 
llo 
i~ 
16 
17 
18 
113 
~0 
~1 
22 
23 
NO Of ROOTS : 23 
43 
SU11 TYY 
o971tll69ll 
-. 31159(137:) 
o C.OH?861 
-. ze c.&sc.s& 
• 200113312 
•• 24937&1C. 
.z7a.Z75115 
•o19L~37n 
.152140~11 
-· 20 509593 
• 2231H231 
•o1573SHII 
.121174315 
-.11\037290 
.19513739 
-.t35511t91 
olllo111&.1ol 
-.1&3111411 
.1751100112 
-.12(17'11\lo:} 
o1039Sf>25 
-.151&40119 
• 161,12 37 
., = .20 
ITERATION NO SUH TYY 
---------------
-----------
1 • 971+8&911 
2 .38590379 
J .1+07828&1 
" 
.28'+&545& 
5 .20083312 
6 • 21t937&11t 
7 • 27427585 
8 .191+83778 
9 .15214028 
. 
10 • 20509593 
11 .22391231 
12 .15735&18 
13 .12874318 . 
lit .1&037290 
15 .19513739 
1& .135511t91 
17 .111+18441 
18 .1&381411 
19 .17580082 
20 .12078849 
21 .10395&25 
22 o151&i.o 89 
23 .H:l'£11237 
NO OF ROOTS = 23 
44 
73/720 OPT:O TRAC~ FTN Ct.8t577 
PROGR~H EULERSIINPUT,OUTPUT,TlPE5=INPUT 1 TAPE6:0UTPUTI 
c ••••••••• 
c ••••••••• 
r: ••••••••• 
c ••••••••• 
c ••••••••• 
APPEI'iDIX f D I 
C ••••••••• THIS lS EULEP.S T~ANS~O~~ATION HcTHOO.THIS 
C ••••••••• HETHOO IS APPLIED TO l~E NU~ERICAL VALUES 
c ••••••••• TYY WHIC~ W~S OBTAI~ED IN APPENDIX (CJ •• 
c ••••••••• THE REFE~ENCE IS FOUNDATION OF ~P~LIED••• 
C ••••••••• HATHEHATICS BY •••••• , •• GREE~DE~G ••••••••• 
c 
c 
c 
OIH~NSION WI3DI,21301 
OIHENSI ON HW1301 
OIHENSION St301 
DIHENSION E13CI 
DIHENSION EDIF~IZ,301 
COH~ON CIS,P~Il,PHIZ,TYX,TYY,N,Y 
COHPLfX CIS,PHI1,PHIZ,TXX,TYY 
CDHPL EX XX, vY 
ER~OR=O.OOODODD1 
REA'H5 1 ZOI N 
20 fOR:1AHI51 
WRITE IG, ~I 
II FOR~A T II II 
Y:-!J,Z 
WRITECG,71 Y 
7 FOR:1ATI/ 1 t Y: #,F5.ZI 
PIE=J.1Ct159Z&538qll 
PZ=PIP•Z 
~~=CHPLXID.Q,O,Q) 
YY=CHPLXIO.O,D,DI 
DO 1260 1(: 11 N 
NOIT=1 
TI=2•K 
A=li•PIE-PIEIZ.0-0.001 
S=ALOGIZ.t!•AI 
20&0 SA=SINIAI 
CA=COS CAl 
SB=IEXPIBJ-EXPI·BIJ/Z.O 
CB = IE X PI B I • EX PI· B I I I'Z. 0 
F=hSA•CR 
&=a·c~·sa 
DF'A=1.0tCA•CB 
OF'B=SA•SB 
D=ICA•CBI••z 
DELX=CG•OFB-r•QFAI/0 
OELY=t-F•DFB·,•OFAI/0 
HDIT.,NOIT+1 
IFCNOIT-1011 1170,11&9,11&~ 
it&a GO TO qqq 
1170 IFC~BSIO~LXI·0.00000001J 1\~0.1190,1190 
11110 IFIABSIOELYI-~.D00000011 1~20.1190,1190 
11qo A"AtDELX 
O=B•DEL Y 
45 
PROG~AM WLERS 73/720 ~PT=O TRA~~ 
GO TO 10~0 
122~ GR=IA+OELXI/2.0 
GI= CB+DELY I 1'2. 0 
CALL COEFFtGR,Gil 
CJLL PHICGI<,GII 
CALL TENSOQ(G~,GII 
W(IO=REAL(TYVI 
12&0 CONTINUE 
00 10 Il=1,N 
10 SIIII=D.O 
II=1 
JJ=1 
82 lfCWtlill 77,77,79 
79 S(JJI=S(JJI+WCIIJ 
WW(JJJ:z.o•S(JJI 
II=II +1 
lFCII-NJ 82 1 ~2.&&6 
77 JJ=JJ+1 
&& SCJJI=StJJI+WCIII 
WMfJJI=-t.O•Z.O•SCJJI 
II=II+1 
lfCil~NI 8~.~~.&&6 
84 IFCWIIIII &&,8&,~9 
89 JJ=JJ+1 
GO TO 79 
6&& 00 98 L=1,JJ 
Z Ill =WW (L) 
98 CONTINUE 
WRITE I & , qn I 
96 FOR'1ATt//J 
WRITEI&,It5Cl JJ 
'50 FOR~ATCt NO )r ~DOTS :t,ISl 
WRITE I & , 12 D I 
120 FOR~ATC/I,t EULERS TP.ANSFO~HATION HETHOOt 9 //l 
00 lt05 1=1,2 
DO ltDS J=1,3D 
ltQS EOIFFCI,Jl:O.~ 
COP.REC=O.O 
WrtiTE CE>,43!il 
~30 FORHA~C2X,t ~ t,&~,t fULERS DIFFERENCES t,ltX, 
+ t EULEP.S SUM t,~V,t TOT~L tl 
WRITE C&,lt35l 
F'TN 4.8+577 
435 FORHATCt------t,~X,t--------------t,&X,t----------1, 
• ex,t-----------11 
DO 500.1(:1,JJ 
DO lt10 J:1,t< 
410 EOIFFClwJI=EOIFFC2,JI 
EOIFFC?,U=ZCICI 
1(111=1(-1 
If CKH1.LT.1l CO TO lt25 
DO 420 J:1,1CM1 
420 EDIFF(Z,J+11=EOIFFC2,JI-:OIFF(1,Jl 
lt25 OCORR=IEOIFF'I~,ICl/t2.DucKIII•t-U••tiC-11 
CORREC=CORREC+OCORR 
WRIT£Cf:,f>D21 KM1,EOIFF,C?,t<t ,OCOI'(R,CORREC 
IF CABSCDCORPl.LT.ERRORI GO TO 600 
6D2 FoqHATfi3,JF~D.81 
46 
73/72~ OPT:D TRAr.E FTN ... 11+577 
SD'J CONTINUE 
60t! CONTINUE 
qqq CALL EXIT 
BROUT IN E PHI 
END 
73/720 OPT:D TRAC~ 
SUB~OUTINE PHIIGR,GIJ 
COH~ON CIS,P~I1,P~I2,T~~.TTY,~,T 
COHPLEX r.IS,P~I1,P~I2,0ElTA,TXX,TYY 
DELTA=CHPL >'IGR,Gll 
PHI1=DELTA•CSINIOELTAl•CCO~IDELTA•Y) 
FTN ltoiH577 
+-t.O•COELTA•YJ•CCOSIOELT~I•CSINIDELTA•y) 
PHIZ=-t.o•rCOSIDELTA•YJ•tOELTA•CSINIOELTAl+Z.O• 
+CCOSIDELTAJJ+IDELTA•YJ•CCOSIDELTAl•CSINIDELT-•YJ 
RETUI?N 
ENO 
47 
B~OUTIN!' CO~FF 73/720 :lPT:Q TIUr.l!:· 
SUBROUTINE CO(FF(GR,GI) 
COHHON CIS 9 PHI1 9 PHI2 9 TXX,TYY,N,Y 
COHPLEX tlloPHil,PHIZ,TW~,TYYoDELTA 
COHPLEX .8D,BB,CC,OO,EE,FF,~G,HH 9 ~~.000,SS,PPP,QQ 
CO 'iPL E)( JOC, ZZ, WW 
DEL T A: C H PL X I~~ , G I ) 
PlE=3.1~1592c5389ft 
U=OELH+PIE 
BB=OELTA-PIE 
CC=CCOStAA) 
DD=CS IN ( AA J 
EE=CCOS I BB) 
FF=CSINtBBJ 
GG=1.Q/CCOStOFLTD)••~ 
XX=DOIAA 
ZZ=FF/88 
WW=DELTA•CSl~tDELTAJ'GG/4.D 
HH=1.0it~.o·ccoscorLTA)••3t 
~R=OEL TA•HH 
OOO=CC/AA 
PPP=E£/BB 
SS=~O/AA" 2 
QQ=FF/BBH 2 
CIS:RQ'IQQ+SS-1.0'PPP-1.1'000J-1.D'WW•IZZtXX) 
RETURN 
END 
IBROUTINE H:NSOR 73/720 OPT=D TRACE 
FTN loollt577 
SUB~OUTINE TE~S:lRtGRoGl) 
COH~ON CIS,PHI1,P~I2oTXX,TYY,NoY 
COHPLEX CIS 0 D~I1,PHI2,T~X,TVY,DELTA 
TXX=CIS'PHIZ 
TYY=CIS•PHI1 
RETURN 
END 
48 
y = .20 
NO OF ROOTS = 23 
EULERS T~aNSFO~M~TlON HETHOD 
N EULERS OiffEQENCES 
-----·--------0 .~71t86911 
1 -.5&1196533 
2 .&1011 1H11t 
3 -.75~911900 
.. .CJioDitlt046 
5 -1.0'3188~07 
6 .87lt3D007 
7 -.3CJ23&718 
8 -.2~7399~3 
Cj .651o6&03lt 
10 -.12159912 
11 -1.80317630 
12 ~o.e6qse37~t 
13 -7.71t121t933 
11t 8.339737qlt 
15 -5.286271101\ 
16 .zr:-35&367 
17 .33913519 
18 11t.81530 72lt 
19 -57.279!16616 
20 132.190&&500 
21 -233.50254998 
22 350ol'lo5064flt 
EULERS SUH 
----------
.lt1171t'31t56 
o11t721t133 
.o 76361Z7 
.Oio721o931 
.029311H6 
.01612313 
o006S3Dit7 
.00153276 
-.0005??2~ 
-.000&3932 
-.000!!5937 
.0001tlt023 
.Ot:05CJ1tlt3 
.OOOit721tCJ 
ot'I!!JZ51t51 
.00008066 
.01!000155 
-.OD0001ZCJ 
• 000[!282& 
.000051t63 
.0000&303 
.000055&7 
.00001t173 
49 
TOTAL 
olt!71t3456 
.&31t6751!9 
.71103716 
.75~21\61t7 
• 7e7&7523 
.11!1379836 
.810628113 
.81216159 
.81163933 
.&1100001 
.~1091oO&It 
.111131!01!7 
o'\1197530 
aiHZitlt 779 
.&1270229 
.!ll271!296 
.'\12711451 
.U27P.322 
• 812111147 
.1!128&61 0 
.'U292913 
.H29!11t110 
.81302&53 
PROt;qAI1 AlTKSl 7317c0 OPT=O TRA"E FTN lo. ftt';77 
PROGRAH AIT~S11INPUT,OUTDUT,TAPE5=INPUT,TAPE&=OUTPUT) 
c ......•. 
c .•. .•.•. 
c 
c 
c 
c 
c 
APPEND! X C E t 
C •••••••• THJS IS AITKEN SHA~KS T~ANSFORHATION Of THE FI~ST ORDER 
C ••••••• ,THIS METHJO IS APPLIEO TO THE NUMERICAL VALUES FJR THE 
C •••••••• PA~TIAL SUMS TYY WHICH WAS OBTAINED IN THE AP 3 fNOlX C qt. 
C ••• , •••• T~E REFERE~ICE IS 
C,, ••• , •• FOUNDATIONS OF APPLI~Q ~ATHE11ATICS BY GREENBER;. 
c . ...•.•..•. 
c . ......... . 
c •...•... 
DIH~NSION ~1301,21301 
COH~ON CIS 1 P~I1 0 PHI2,TXX,TYY,~,y 
COHPLEX CIS,PHI1,PHl2oTXY,TYY 
COHPLEX XX,YY 
ERROR=O.D0000001 
REA 0 C 5, 2 0 I N 
20 FORHAT CI51 
WRITE Cf>, et 
8 FOR.HA T II/) 
v=o.z 
WRITE 16, 7t Y 
7 FORHATI/,1~.~y : t,FS.Zt 
PIE=3.1~1sqz&s3eqe 
P2=PIP•2 
XX=CHPLXIO.o,O.~I 
YY=CHPLXIO.O,O.OI 
DO 1'ZE:O K=1,N 
NOIT=1 
TI=2•K 
A=TI•PIE-PIEIZ.0-0.001 
B=ALOGI2.o•AI 
1!1&0 SA=SINIAI 
CA=COSIAI 
SB=IElCPIBI ·D'PI-BI 112.0 
CB= IEXP I Bl +EXP I·BI I 12.0 
F=A+SA•CB 
G=a+ca•sB 
DFA=1. !I+ CA •C9 
OFB=SA •SB 
D= C CA + C 9 I • • 2 
DELX=CG•DFB·F•DFAI/0 
DELY=I·F•OFB·G•OFAI/0 
NOI T=NOI T+l 
IFINOIT-1011 1170911&q,11&q 
1160 GO TO qqq 
1170 IFIABSIOELXI•O,OOOOO!l011 116De11qO,l1qO 
}180 1FIABSIDFLYI·D·DDDDDDD11 122Dollq0,1190 
uqo A~A+OFLX 
B=B+DELY 
GO TO 10 &D 
122" GR~IA•DELXI/2.0 
50 
73/720 OPT=D TRAr.~ 
GI=CB+OELYIIZ.O 
r.All COEFFCG~,GIJ 
CALL PHI CGP.,GIJ 
CALL TENSORIGR,Gll 
101:= XX+ TX X 
Yr=YY HYY 
~U~XX=2.0•PE4LCXXl 
SU~YY=Z.O•REALCYYl 
Wll():l(/30. D 
ZCKl=SUMYY 
1260 CONTINUE 
WRITE C6, 96 J 
96 fORHA H //) 
WIUTEH>,C.5DJ ~ 
~50 fOP.~ATttX,~NO OF ROOTS A~Et,I~J 
w1n u c 6, 13 s, 
135 FO~HATC/,t biTKEN SHANKS FIRST METHOD ~I 
NTOT=N 
HXSUH=CNTOT+1l/2 
HOROE~.=O 
DO 205 J=1,HXSUH 
IHAG=C 
IF CJ.'EQ.1 J GJ TO 203 
HORDER=HOPOE 1h1 
NTOT=NTOT-2 
IF CNlOT .L T .21 GO TO 2013 
DO 202 K=t,NTOT 
ZN~W=SNEWCZC~J,3l 
If CAOSCZNEW-Z(I()) .LT.E~~O~t IFLAG=l 
202 ZOO=ZNEW 
203 CONTINUE 
WRITEC6,101J HOROER,NTOT 
WRITEC6,107l 
107 FOR~ATC//,11X,t N ~.~x,t StNJ t) 
WRITE C6, 1061 
106 FORHATCeX,1-------t,2X,t--------------tl 
WRITEC&,1021 CK,ZCKJ, K=1.~TOTI 
WRITEC&,1DC.l . 
104 FO~HATtt-··-------------------------------------tJ 
101 fO~~ATC/I,t O~OER =t,I2,10~,t NO OF POINTS :t,I2l 
102 FO~~ATtsx,re,tFtS.8l 
20 5 CONTINUE 
2llf. CONTINUE 
9CJCJ CALL EXIT 
EN!) 
51 
tROUTINE PHI 731720 OPT=D TRAr~ 
SU~~OUTIN: P~ICGR,GII 
COH~ON CIS,PHI1 1 PHI?,TXX,TYY 1 N 1 Y 
COHPLEX CIS,P~I1,PHI? 1 0ELT~ 1 TXX,TYY 
OELTA=CHPLXCGR,GII 
PHI1=D:LTA•CSINIOELTAI 1 r.r.OSCDELTA 1 YI 
FTN ~.~+~77 
+-1.0 1 CDELTA 1 YI 1 CCOSCOELTAI 1 CSINCOELTA•YI 
PHIZ=-1.o•r.COSCOELTA 1 YI 1 10ELTA 1 CSINCOELTAI+?.O• 
+CCOSCOELTAII+IOELTA1 YI 1 CCOSIOELTAI 1 CSINCOELTA 1 YI 
RETURN 
END 
52 
B~OUTIN£ CO~FF' 73/720 ~PT=D TRACE 
SU3ROUTINE C~EFFIGR,CII 
CDHHON CIS,P~I1 0 PHI2,T~X,T1Y,N,Y 
COHPLfX CIS,PHJ1,PHI2,TXX,TYY,OELTA 
FTN tc.l\+'177 
COMPLEX A&,S~or.C,OD,EE,FF,GC,HH,P.R,OOO,SS,PPP,QO 
CO~PLEX XX,ZZoWW 
OELTA:CHPL~CG~,GII 
PIE=3.1~15q2&S3ag& 
1\A=OELTA+PIE 
BB=OELTA-PI£ 
CC=CCOS I AA l 
OD=CSINIAAl 
EE=CCOS I BB l 
FF'=CSINIBBl 
GG=1.DICCOSIDELTAl••4 
XX=OO/AA 
ZZ=FF' IBB 
WW=OELTA•CSI~IOELTAl 4 GG/~.J 
HH=1.0/I4.0•CCOSIOEL1Al••3l 
RR=OEL TA •HH 
OOO=CC/U 
PPP=EEIBB 
SS=OO/AA••2 
QQ=FF' /BB .. 2 
CI S=RR• I QQ +SS-1. o• PPP-1. !!• 0001 -1. o• WW4' CZZ +XX) 
RETURN 
EHO 
. JROUTIN~ HN':iO~ 731720 OPT=D TRAt;=: f'TN loe&+S77 
FUNCTION SNEW 
SU3~0U1INE TE~S)RIGR,GIJ 
CO~~ON CIS,P~I1,P~I2,TXW,TVY,N,Y 
COMPLEX CIS,P~l1 0 PHI2,TXX,TYY,OELTA 
TICX=C IS • PH I 2 
TYY=CJS•PttU 
RETURN 
EN!J 
73/720 OPT=D TRAC~ 
FUNCTION SNEWfSN,LSNI 
FTN ~o.&+S77 
DIMENSION SNfLSNI 
SNEW=fSNI31•SNl11-SNIZI•SNl211/ISNl31+SNI1J-2.•SNI211 
P.E:_T URN 
ENQ 
54 
y .. .zo 
NO OF ROOTS ARE 30 
AITKEN SHANKS FIRST HETHOO 
ORDER = 0 NO OF POINTS =3D. 
N S (NJ 
-------
--------------1 .E-~?f!7235 
2 .79974430 
J .971oll&911 
.. .561191i53J 
5 .9967qJCJJ 
6 • 7121 H37 
7 • 71:!53 7360 
6 • 91297249 
CJ • F-6359635 
10 .937P221 
11 • 7430~4 .. 2 
12 .7~277763 
13 .11'3517471 
14 • 69007&77 
15 .9139q11)6 
1& • 75&Ft3490 
17 • 7920 j 621 
18 .11~53760'3 
19 .7050t'519 
20 .9001'-2511 
21 • 761of:.'? 7&& 
22 .791114469 
23 .6711!1207 
24 .711oqQ7Q& 
25 • 6907q6711 
26 .77001029 
27 • 7919(12~4· 
211 .1173q5&55 
29 .7223256& 
30 ei\PJQ~IIOJ 
---------------------------------------
ORDER = 1 NO OF POINTS =?II 
55 
N S ( N) 
-------
--------------1 -2. 7412' 551 & 
2 .e5C.C.'Ic:J4J 
3 • 7IH24702 
.. oll2 1l1501t7 
5 .77&541c:l9 
6 o5105H73 
7 .113305572 
8 .791t21335 
9 oi\2J'3567C. 
10 • 71!2&6079 
11 o6c:l&040911 
12 • &?&8761t9 
13 • 71H1 ?ItS! 
tit .821571155 
15 • 76552121 
1£, .7350441& 
17 .1!23115&118 
18 .7'387'37&3 
19 ~!201~725 
20 o71172C!Zb2 
21 • 752229911 
22 .11?.200372 
23 .79979593 
24 .&192tl242 
25 .7&854372 
?6 .76204496 
27 .820711193 
211 • 1!1!055962 
---------------------------------------
ORDER = 2 NO OF POINTS =?f 
N S ( N) 
-------
--------------1 .71111471152 
2 ,ll13051D3 
J .1105625&2 
4 .8421~011 
5 • 65631270 
6 .79113'19011 
7 .11110 5858 
8 oiiC6&r.6511 
9 • 8H511273 
1C .7&ol!15719 
11 .~02&3&65 
12 • 8105 4657 
13 oiiC70')6q5 
H • 91174207 
15 • 7672:?916 
16 • 1101t2 7651 
17 .11103021& 
18 .II071~1t2Z 
19 1· !1411!451 
20 • 7755f!5118 
21 .110515772 
zz oe1015Z36 
23 • 110 7311S3Ei 
.,,, 
• IC.Q't:O" "'"' 
56 
26 .~0571~77 
-------·------------------------------· 
~ROER = 3 NO OF POINTS =24 
N SOU 
1 .110746744 
2 • 81111 511t3 
J .111175&63 
4 • 73&82550 
5 • 81229897 
6 • 80779717 
7 • 81073333 
8 .1124511124 
9 • 711495992 
10 .8111190011 
11 .110810122 
12 .81043085 
13 .85101711 
1~ .79&71700 
15 .81147258 
16 .80825177 
17 .etol~32Z 
18 1.0529~150 
19 .eoJ&1&39 
20 .11111 ~&55 
21 oP08341t28 
22 .810190311 
23 .~9307368 
2.. .80971103 
---------------------------------------
ORDER = It NO OF P.OINTS =22 
N SlN) 
1 • 81175864 
2 .8111\5155 
J • 71~1t2617 
.. • ft0,05 058 
s .ll0957427 
~ .110700711 
7 • 81 .. 31978 
e • eooqq275 
CJ .ti085E-854 
10 .80954384 
11 .eorq~93& 
12 .B277q10J 
13 .110831966 
11t .110~,21184 
15 .~094Q751 
16 .ft082~4&J 
57 
DROCR = 5 NO OF POINTS =20 
N SCNJ 
1 o811758'7 
2 o79213778 
3 .809&4660 
.. .110861810 
5 o80~9D722 
6 0 80959799 
1 o ao5anas 
a .ao96&795 
9 o&0&9'-0tlt 
10 0110942661 
11 o81796610 
12 .80111115117 
13 ofl~&69396 
14 .80905032 
15 .11091oftlo51o 
16 .ae97q6s7 
17 .P-090~355 
18 oS091oOio76 
19 .110919663 
20 .ft091ofl151t 
ORDER = 6 NO OF POI~TS =1ft 
N SCN) 
1 o80139022 
2 0 80867516 
3 oll0881oJ78 
It o80fllo0997 
5 .ft09011t07 
6 .80773265 
7 .110906137 
II ol'l092~1t&S 
9 oll0891075 
10 .ft1351o&91o 
11 .1'10605335 
12 .P-07&1270 
13 .IID9577ZO 
tit .!0905732 
15 oll3951o061o 
16 o8091o0307 
17 o80927~46 
111 o80931690 
58 
H SOU 
1 oP.I:!I'IIIIo771\ 
2 ol\0117?236 
3 .li086E.Zit7 
~ .&Oli6Q352 
5 .8Da'!lllt97 
6 .li092609Co 
7 .110912186 
8 ol\0921370 
9 .&10&~372 
10 .&0747~25 
11 .ZOioll3556 
12 .&0917563 
13 .~095~848 
14 el\243~591 
15 .r.oq27795 
1& .eo930781t 
ORDER = ll NO OF POINTS =llo 
N S CN) 
1 .l\Dl\&0772 
Z .ll01o9~665 
3 .ao&611lt21t 
.. • ~0855911(1 
5 .1109lltD92 
6 oft091771l\ 
7 • ft0911571t 
8 ol\0967589 
9 ell107~0ft6 
10 .506511065 
11 .ft095~l\71o 
12 .IID91~1t93 
13 .81~90527 
lit .80930778 
OP.OER = q NO OF POINTS =1C' 
N SCN) 
-------
--------------1 ei\!!67Q112 
2 .ftOl\5&387 
3 aoa&&231 
.. e'JD917959 
5 .ll091"i43ll 
El' .&0917111 
7 .r.oa~o&.073 
~ el\0967933 
CJ • f:5113.:; 7ZO 
so .11091f.51t7 
l1 .l\oqs&.r.7z 
. ., •• 1ft74 ... 
59 
·----------·---------------------------
ORDER ~10 NO nF POI~TS =10 
N S CHI 
1 • 8086M10 
2 .ao~c;&oo7c. 
3 .110915555 
lo .1109161.C.3 
5 .110915lt75 
6 • 11011900111 
7 .IID81t5D711 
II .73311'19511 
9 oil DCJ5 &o 969 
10 oft0911ftbll 
ORDER =11 NO OF POI~TS = II 
N SCNI 
1 .IIDII6C.62lt 
2 .110916456 
3 .ft091Cj911D 
It oll0916ltll2 
5 oii0941JT&o0 
6 oll0fl90290 
7 • 77144290 
II .110912112 
O~DER =12 NO OF POINTS = 6 
N S CNI 
1 ·.11~915984 
2 .lloq1&Z2&o 
3 .110915972 
4 • ftD927951t 
5 .1109119&&6 
6 • 79022730 
OROE~ =13 NO OF POINTS = 4 
tf S CNI 
1 .ftOq16101 
.. • ,.,.. , ... 1"'11 
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.11~92&19& 
ORDE~ =1~ NO OF POINTS = 1 
N S CNI 
1 • 1\091&102 
2 .110910859 
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PROG~AH ~ITKSZ 73/720 OPT=O TPACF FTN lo.8+S77 
PROG~AH AITKSZ!INPUT,OUTPUT,TAPE5=INPUT,TlPE6=0UTPUTJ 
c •••••••••• 
c •••••••••• 
c 
c 
c 
c 
APPENDIX C F I 
C ••• ,.,., •• THIS IS AIT~fN SHA~~S TRANSFORHATION OF TH£ 
C •• ~•••••••SECONO JROER.THIS ~ET~OO IS APPLIED TO THf 
C., •••••••• NUHERir.~L V~LUES roo THE PARTIAL SUH TVY ••• 
C ••••••• , •• WHICH WAS OBTAINED IN APPE~OIX I B 1. 
c ••••••••••• 
C •••••••••• THIS METHOD IS HOOIFI£0 FO~H OF THE AITKEN •• 
C,,, ••••••• SHAN(S T~ANSFORHATION. 
c 
c 
c 
OIHENSION WI3CI,Z!30J 
COH~ON CIS~P~I1,P~J2,TXX,TYV,N,Y 
CO~PLEX CIS,PH!1,PHI2,TXXoTYY 
COHPL EX \Y., VV 
ER~OR=O.rOOOOOD1 
REt; :l I 5, 2 0 I N 
20 FOR'1ATCI51 
WRITEC6,8l 
8 FOR:-iA T II/) 
Y=O. 2 
WR 1 T E I & , 7 J Y 
7 FOR~ATC/,tX,tY: t,F5.21 
PIE=3.141592653S9~ 
PZ=PIE••z 
XX=CHPLX!O.O,Q.O) 
YY=CHPLXIO.O,O.OI 
DO 12&0 K= 1 ,~ 
NOIT=l 
TI=2'1C 
A=TI•PIE-PIE/2,0·0,001 
B=ALOGC2.0•A) 
,10&0 SA=SIN!AI 
CA=COSI A) 
SB=fEXPIDl•EXP!•BJJ/2,0 
CB=CEXPIBJ+EXPI•OJI/2.0 
F=A+SA•CB 
G=B+CA•SB 
DFA=1.C+CA•CB 
OFB=SA•SB 
0-=CCA+CBl••z 
OELX=cG•OrR-r•oF~J/0 
OELY=I-F•DFB·G•OFAI/0 
NOIT=NOJ Tt 1 
IFCNOIT·101J 1170.11&9,11&9 
11bQ GO TO qqq 
1170 1Ft4BSIOELXI·~.00000001) 11ftCo1190,1190 
11ft0 IftABSIOELYI•C,OO~ODD01l 1220,1190,1190 
1190 A:A+OELX 
B"B•DEL Y 
GO TO 10&0 
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PROGRU1 AITKS2 73/720 OPT:O TRAC~ 
1220 GR=IA•DEL~I/Z.O 
GI= lB+OELY 112.0 
CALL COEFFlGR,GII 
CALL PHI CG~:>,:;J I 
CALL lENSORir.R,GII 
XX=XXHXX 
YV=YYHYY 
SUHXX=z.r•PEALIXXI 
SUHYY=Z.O•REALIYYI 
woo =1<130. 0 
ZCKI=SUMVY 
12fl0 CONTINUE 
WRITE lEI, CH-I 
9 e, FORiiA T II II 
WRITEH:,&.SOI N 
45~ FO~~ATl1X,tNO OF P.OOTS A~Et,ISI 
WRITECE-.20111 
20~ FORHATI/,~ AITKEN SHANKS S~COND METHOD ~~ 
HTOT=N 
HXSUM=CNTOT•311~ 
HO~DER=O 
DO ?.05 J:1,HXSUH 
IFLAG=O 
If IJ.EQ.ll G~ TO 203 
ttDROfR:HOP. OER•t 
NTOT=NTOT-4 
IF INTOT.LT.SI GO TO 206 
DO 202 K=t ,NTJT 
ZNE~=S2NEWIZIKI,SI 
IF CABSIZNfW-ZIKII.LT.E~~D~I IFLAG=1 
202 ZIKI=ZNE'W 
203 CONTINUE 
WRITEI6 1 1011 HO~DER,NTOT 
WRIT E I & , 1 0 7 I 
107 FO~~ATI/1,11X,# N ~,ftX,t SINI t) 
WRITE 16, 11! £-I 
10~ FORiiATiex,t-------t,ZX,#--------------tl 
WRITE1&,1021 I~,ZIKI, K=t.~TOTI 
WRITE 16,10 '31 
1Qq FORHATit---------------------------------------tl 
101 FO~~ATI//,t OROER =t,I2,1~K,t NO OF POINTS =t,IZI 
102 FORiiATISX,I~,1F15.ftl 
2DS CONTINUE 
20 & COI'l'Tl HUE 
999 CALL EXIT 
EN:l 
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:I~OUTINr PHI 
c 
73/7~0 OPT=O TRACr 
SUB~OUTINF CQEFFICP,CIJ 
~O~HON CIS,PHI1,PHI2,TXX,TYY,N,Y 
COMPLEX CIS,PHI1,PHI2,TXX,TYY,DELTA 
rtN ... &+577 
COHPLfX aa.Rq,cc,oo,EE,FF,CC,HH,RR,OOO,SS.PPP,QQ 
COHPLEX XX,ZZ,WH 
DEL T A=CHPl X CCI?, CI I 
PIE=3.1~1592b53898 
Al=~EL TA+PIE 
BE\= DELTA-PIE 
CC=CCOS C AA I 
DO=CSIN C AA I 
EE=CCOS I ~9 I 
F'F=CSIN fllB I 
GC=1.0/f.f.OSCDELTAI••~ 
XX='JD/AA 
lZ=FF/ElB 
WW=~ELlA•r.sl~IOELTAJ•GC/4.0 
HH=t.OII4.0•Cf.OSCOELTAI••31 
RR=OELTA•HH 
OOO=CC/AA 
PPP=EE/BB 
SS=DO/AA .. 2 
QQ=FF/88 .. 7 
CIS=RR 4 1QO+SS-1.0'PPP-1.~•000I-1.0 4 WW•lZl+XXJ 
RETURN 
END 
73/720 OPT=D TRAC: 
SUS~OUliNE PHIIGQ,Git 
COH~ON CIS,PHll,PHl2,TXX,TYY,N,Y 
COMPLEX CIS,P~I1,PH12,0ELTA,TXX,TYY 
DELTA=CHPLXCGR,GII 
FTH lt. 8+577 
PHI1=0ELTA•CSINIDfLTAI•CCOSIOELTA•YI 
+-1.0 4 COELTA 4 Yl'CCOSIDtLTAI'CSINIOELTA•YJ 
PHI2=-1.D•CCJSIOELTA•Yt•COELTA•CSINIOEL1AJ+2.0• 
+CCOSIOELTAJI+IDELTA'Yt•r.r.OSCOELTAI'CSINCDELT~•YI 
RETUP.N 
END 
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~ROUTINE TENSOR 731720 OPT=D TRACE 
SUB~OUTINF T~NSORIGR,GIJ 
CO~~ON ClS,P~11,P~IZ,TXX,TYY,N,Y 
COHPLEX CIS,~~ItoPHIZ,TXX,TYY,OELTA 
TJI:X:CIS•PHIZ 
TYY=CIS•PHI1 
RETURN 
END 
FUNCTION OET3B3 73/720 OPT:o TRACE 
FUNCTION DET3B31A,NRQ,NC,N~J 
DI~ENSION AIN~O,NCJ 
DET1=AI1,1t•AI2,2J•Ac3,JI+ 
+AU , 3 I • A ( Z, 1 I • A ( 3, Z J + 
tA(1oZJ•A(2,3l•A(3,1J 
DET2=AI3,1J•AI2 1 2J•Ac1,31 
++AI3,ZJ•A12,3J•A11,1J 
++A(3,3J•Af2,1J •A 11 9 21 
OETJBJ=DEtt-OETZ 
RETURN 
END 
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rtN ... 8tS77 
FTN tt.&+577 
:uNCTION ~Z~FW 73/720 OPJ:Q TRAC~ 
FUNCTION SZNt~CZ,LZI 
D!'1~NSION liLZI 
OIM~NSION ATOPC3,31,ABOTC3,31 
IF ILZ.EQ.5t GO TO 201 
RETURN 
201 CONTINUE 
UOPI1 1 11=ZIU 
ATOPC1,2l=Zit'l 
ATOP(1,31:ZC31 
ATOPC?,tl=Z12l-ZC1t 
ATOPCZ,21=ZC31-ZC?t 
ATOPC2,3t=ZI~I-Z131 
ATOPI3,1l=Z13l-ZC2l 
ATOPIJ,Zt=ZC41-ZC3l 
ATOPC3,3l=ZISI-ZI41 
DO 222 J=1.,3 
ABOT (1, J I= loO 
DO 222 1=2,3 
222 ABOTCl,J):6TOPCI,Jl 
OATOP=DET3B31ATJP,3,3,31 
0ABOT=DET3B31DBOT,3,3,3l 
S2NEW=OATOP/OABOT 
RETURN 
END . 
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FTN lo. 5tS77 
'a: .20 
NO OF ROOTS ARE 30 
AlTKEN SHANKS SECOND HETHOO 
OPOER. : 0 NO OF POINTS =3 0 
N S (NJ 
1 .b32~7235 
2 .7997~430 
3 .97486911 
4 • 5~119fl533 
5 • q9&79393 
r, .71211937 
7 .79537360 
8 .91297249 
q • 6El3S9635 
10 .Q37~7221 
11 .74303442 
12 .7927776~ 
13 .89517471 
14 .~9007877 
15 .S13991D8 
16 .75&63490 
17 .7920i627 
18 .88537&09 
67 
20 .!001~ZSB 
21 .76~&27&& 
22 .791~~~69 
23 .B7'ft1Z07 
2~ o71~9q796 
25 .a9o7q87a 
26 .77001029 
27 .791902~, 
211 .~739~655 
29 .7223256& 
30 .88393803 
ORDER = 1 NO OF POINTS =26 
N SOU 
1 • 8117q9B9 
2 .• 8100796~ 
3 .80B&71t52 
.. • 8091!1452 
5 .8091~3!10 
6 .fl0ft87912 
7 • ~0913~211 
8 .1!1011::14506 
9 • 80904151 
10 .II09D2831S 
11 .11089~615 
12 .80905113 
13 .~OII9Q165 
11t .110902790 
15 .80901999 
16 .&1!9~0477 
17 .ft0903205 
18 o8090~1tiS9 
19 • 110902269 
20 .80901824 
21 .110901068 
22 .80902511!1 
23 .IS0901011t 
2~ .8090?036 
25 .110901766 
26 .~0901322 
O~OE~ = 2 NO OF· POINTS =22 
H SCNI 
1 .8091!71UIS 
2 • '·1!901671! 
3 .80901511 
.. .1!1090 1771!1 
5 .110901697 
6 .1!10901706 
68 
11 .80901701 
12 .80901698 
13 .80901698 
1Co • ~09!11701· 
15 oft0901699 
16 .80901700 
17 .ft0901699 
18 .80901699 
19 o809017DD 
20 .ft~901699 
'21 .80901700 
22 .80901699 
--------------------------------------
ORDER : 3 NO OF POINTS =18 
N S fNJ 
1 .80901712 
2 • 80901708 
3 • 80901677 
.. .8090!1996 
5 .80901698 
6 oft0901698 
7 oft0901701 
a .80901697 
9 • 80901705 
10 .80901699 
11 .~09~1699 
12 .~0901700 
13 .~0901699 
14 .80901700 
15 .80901699 
16 .80901699 
17 .809017!10 
18 .~0901699 
--------------------------------------
OROE'R = It NO OF POINTS =1C. 
H S(NJ 
-------
--------------1 .110901712 
2 • &09t'1Co61 
3 .110901701 
It .80901699 
5 .&0901681e 
6 .80901699 
7 • ft0901701 
a .80901700 
9 .110901699 
10 .11090169.9 
11 .&0901699 
12 oll090170t' 
13 .110901699 
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OP.DER : 5 HO OF POINTS =10 
N S fN) 
1 o ~CCJD1611& 
2 oiiD901&C)Z 
3 oiH!CJ01bl!llt 
.. oftOqQ16C)9 
5 .IIOCJ0169q 
6 .110901699 
7 oii090169CJ 
II • &0901699 
9 .110901699 
10 oll09016qCJ 
ORDER = 6 NO OF POINTS : ~ 
N S fN) 
1 .110901713 
2 oll0901699 
3 o81!CJ01&C)9 
.. • 110901699 
5 .&0901&99 
6 ofi0901&CJ'! 
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